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Figure 1: We propose a novel parallel vectors (PV) extractor [PR99], which is based on Bézier clipping [SN90]–a root finding solver that
is popular in computer-aided geometric design. Our method achieves better convergence than Bézier bisection and readily generalizes to
polynomial higher-order interpolants. Our test scenes from left to right: SWIRLING JET, BOEING, DELTA WING, and BORROMEAN.

Abstract
In this paper, we propose a novel local feature extraction algorithm for the parallel vectors (PV) operator. Our method is
based on Bézier clipping, which is a bracketing-based root finding method that is commonly-used in computer-aided geometric
design. Compared to Bézier bisection, our clipping method exhibits significantly faster convergence and reduces duplicate
solutions. Compared to the general Newton-Raphson algorithm, the success of our approach does not depend on the quality of
an initial guess. The Bézier-based formulation readily generalizes to polynomial higher-order interpolants, such as for tricubic
interpolation. With this, we derive the acceleration in the Sujudi-Haimes vortex coreline criterion directly from the vector field
interpolant. In addition, we describe the cross product of two polynomial vector fields in arbitrary polynomial degree, which
can be used to approximate non-polynomial interpolants. Further, we examine the effect of Newton refinement on the proposed
Bézier clipping method. We evaluate our Bézier clipping method thoroughly on a range of different data sets.

CCS Concepts
• Human-centered computing → Scientific visualization; • Computing methodologies → Computer graphics;

1. Introduction1

In many disciplines of science and engineering, such as in meteo-2

rology, aircraft engineering, or electromagnetism, the state of dy-3

namical systems is frequently described by means of scalar, vector,4

and tensor fields. To develop a deeper understanding of the underly-5

ing physical processes, it is necessary to determine the key ingredi-6

ents that govern the evolution of such fields. A branch of scientific7

visualization focuses in particular on the extraction of so-called fea-8

tures, which are geometric structures that are often times defined9

implicitly. More than 25 years ago, Peikert and Roth [PR99] es-10

tablished a common mathematical foundation for the description11

of feature lines by showing that many of them can be described12

formally as solutions to the so-called Parallel Vectors (PV) prob-13

lem. In the PV problem, feature lines are defined implicitly as loca-14

tions at which two feature-specific vector fields are parallel, which15

is the case when their cross product is zero. This simple and ele-16

© 2026 The Author(s). Computer Graphics Forum published by Eurographics - The European Asso-
ciation for Computer Graphics and John Wiley & Sons Ltd.
This is an open access article under the terms of the Creative Commons Attribution License, which
permits use, distribution and reproduction in any medium, provided the original work is properly
cited.

https://orcid.org/0009-0009-5047-2325
https://orcid.org/0000-0002-3020-0930


2 of 12 Nico Daßler and Tobias Günther / Parallel Vectors Extraction using Bézier Clipping

gant description spurred decades of research on the reformulation17

of common features as PV problems [PR99,RP98,PS08,BSB∗22],18

and on numerical extraction algorithms that robustly find solutions19

to the operator [SFBP09, WG20, GP21, DG24]. On discrete data,20

values and derivatives are estimated from carefully chosen inter-21

polants. One possible choice are polynomial interpolants, such as22

Bézier-splines or the non-uniform rational B-splines in multivariate23

functional approximations [PNG∗18]. We identified several open24

challenges with polynomial interpolants in the PV operator:25

• Faster Convergence. Once the cross product of the PV prob-26

lem is phrased in Bernstein-Bézier representation, a recursive bi-27

section algorithm [ORT18a, GT19] is available. Unlike Newton-28

Raphson, the bisection algorithm is a bracketing method that29

finds solutions on a given domain rather than requiring a good30

initial guess. However, not only does bisection converge slowly,31

as it always only halves the domain, it also exhibits duplicate32

roots due to numerics. In this work, we tailor another bracketing-33

based method called Bézier clipping [SN90] to the PV prob-34

lem, which increases both convergence and numerical stability.35

To this end, we investigate and compare two clipping strategies:36

component-wise clipping and projection-based clipping.37

• Newton Refinement for Bézier Clipping. The iterative38

Newton-Raphson method exhibits quadratic convergence but it39

might miss solutions if the initial guess was insufficient. One40

option is to apply the linearly converging Bézier bisection first41

to narrow down the candidate domain [BRG21], however, this42

loses the advantage of quadratic convergence. Since Bézier clip-43

ping exhibits quadratic convergence on its own [Sch09], it is not44

clear if there is merit to incorporating a Newton refinement. We45

evaluate the effect of Newton refinement for our Bézier clipping46

method, showing that Newton refinement is not necessary.47

• Derived Acceleration. The parallel vectors reformulation of the48

reduced velocity criterion [SH95] searches for locations at which49

the velocity and the acceleration are parallel. For polynomial in-50

terpolants, the acceleration can be derived in closed-form. For a51

C1 continuous cubic interpolant, we derive the Bézier form of52

acceleration directly from the velocity tensor product.53

• Independent Interpolants. If the vectors in the cross product54

cannot be derived directly in polynomial form, e.g., when one55

side includes eigenvectors, a possible fallback is to approximate56

the non-polynomial field with a polynomial interpolant. For this57

use case, we describe the cross product of two polynomial vec-58

tor fields of arbitrary polynomial degree, which we evaluate for59

bilinear and bicubic interpolation on cell faces.60

We evaluate our methods within a comprehensive benchmark on61

multiple vector fields, comprising a detailed analysis of the runtime62

and the algorithmic behavior (convergence, clipping rates, etc.).63

Fig. 1 gives examples of our method, in which we extracted par-64

allel vectors feature curves, including a SWIRLING JET, a BOEING65

747-400 aircraft at a 15◦ angle of attack, a DELTA WING, and the66

electromagnetic field of BORROMEAN rings (yellow).67

2. Related Work68

2.1. Root Finding Problems in Bézier Form69

Bézier Basics. Originating from computer-aided geometric de-70

sign [Far02], a Bézier curve x(t) : [t0, t1] → Rm with polynomial71
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Figure 2: Illustration of the bracketing-based Bézier bisection al-
gorithm. Left: If all control point values are positive (∀i : fi > 0),
or all are negative (∀i : fi < 0), then no roots can exist. Here,
f0, f1, f2 > 0 and f3 < 0, which means that a root might exist.
Right: After subdivision, the left half can be discarded (∀i : fi > 0),
while the right half recursively continues subdivision. Note that
only 50% of the domain can be removed with each recursion.

degree n is expressed as linear combination of its control points bi:72

x(t) =
n

∑
i

Bn
i (t) ·bi, Bn

i (t) =
(

n
i

)
· t i · (1− t)n−i, (1)

where Bn
i (t) are the Bernstein basis functions with i ∈ {1, . . . ,n}.73

Its generalization is called tensor product, here for two dimensions:74

x(u,v) =
n1

∑
i

n2

∑
j

Bn1
i (u) ·Bn2

j (v) ·bi, j. (2)

Any polynomial function can be expressed in Bézier form. Due to75

the linearity of the Bernstein basis functions, the conversion from76

any other linear basis, such as the monomial basis {1, t, . . . , tn},77

can be done through a linear transformation, which we elaborate78

on later in more detail. A key property of Bézier representations is79

that the convex hull of its control points forms a strict outer bound80

for the curve, which is useful when computing roots.81

Bézier Bisection. To convey the general idea, we consider the one-82

dimensional, uni-variate root finding problem f (t) = 0 in the range83

[t0, t1], where f (t) = ∑
n
i Bn

i (t) · fi is in Bézier form. The Bézier bi-84

section method [RHD89, HLS93] utilizes that function f (t) can-85

not contain roots in [t0, t1] if all control points are strictly larger86

(∀i : fi > 0) or all are strictly smaller (∀i : fi < 0) than zero. If87

this is not the case, then the range [t0, t1] may or may not con-88

tain roots. In this case, the curve is subdivided into two subcurves89

f1(t) : [t0,
t0+t1

2 ]→R and f2(t) : [ t0+t1
2 , t1]→R, and the sign check90

is performed recursively for each subcurve. An example is shown in91

Fig. 2. By the Weierstrass approximation theorem, the convex hull92

fits progressively tighter to the original function. The procedure is93

repeated recursively until the parameter range [t′0, t
′
1] becomes suf-94

ficiently small, i.e., t′1 − t′0 ≤ ϵ. Since the method has linear conver-95

gence it requires a high number of recursions to reach high preci-96

sion, which requires many Bézier curve subdivisions. Additionally,97

duplicates may arise due to floating point imprecision.98

Bézier Clipping. On its recursive path towards a root, the bisec-99

tion method removes exactly 50% of the parameter range with each100

recursion. The Bézier clipping method [SN90] is another brack-101

eting method that instead tries to make even more progress with102
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(a) The curve is represented in the unit range [0,1]
with points ( i

n , fi). If ∀i : fi > 0 or ∀i : fi < 0, no
root exists and recursion stops. Not the case here.
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(b) The root must exist inside the convex hull of the
control points. Intersecting the horizontal axis with
the convex hull gives clip ratios cl , cr .

0 1
3

2
3

1

clipped curve

(c) Clipping the curve from left and right by cl and
cr results in a shorter subcurve. The straighter the
curve, the more gets clipped. Continue recursively.

Figure 3: Illustration of the Bézier clipping algorithm for solving the root finding problem of a uni-variate, one-dimensional function.

each recursion. Fig. 3 gives an example. Instead of naively split-103

ting the curve into two pieces, the clipping method defines the104

points ( i
n , fi), i.e., the function values are linearly spaced in the105

[0,1] range. The method then utilizes that the root must be con-106

tained within the convex hull of these points. The convex hull107

(although never explicitly calculated) is intersected with the hor-108

izontal axis, giving the relative clip ratios cl and cr. The Bézier-109

curve is then clipped from left and right to the subrange [t′0, t
′
1],110

where t′0 = t0 +(t1 − t0) · cl and t′1 = t1 − (t1 − t0) · cr. Again the111

Weierstrass approximation theorem guarantees the convergence to112

the exact function. However, this method gets stuck when there113

are multiple roots in the range [t0, t1]. If the procedure converges114

not fast enough (cl + cr < 0.1), then the curve is split once as in115

Bézier bisection and the process continues recursively. In practice,116

the clipping method often leads to clips of about 80%-99% per-117

cent of the parameter range, resulting in significantly faster conver-118

gence than pure Bézier bisection. Formally, the convergence rate119

of Bézier clipping was proven to be quadratic [Sch09]. In contrast120

to the Bézier bisection method, the clipping method is numerically121

more robust and produces less duplicate solutions.122

Applications in CAGD. The Bézier clipping method has first been123

developed for the robust intersection of 2D Bézier curves [SN90].124

The other major application domain of Bézier clipping is the calcu-125

lation of ray intersections with tensor product surfaces. For (ratio-126

nal) Bézier and B-spline surfaces, the parameter ranges umin,umax127

and vmin,vmax are refined until a tolerance condition is satis-128

fied [NSK90]. Thereby, distances are measured in the normal plane129

of the view ray, measured along two directions c1 and c2, such that130

these directions are approximately aligned with the surface tan-131

gents in u- and v-direction. Problems and strategies for selecting the132

next parameter direction (u or v) have been discussed by Campagna133

et al. [CSS97], who also proposed the use of Chebyshev boxes as134

proxies around Bézier patches. Efremov et al. [EHS05] addressed135

further view-dependent and numerical problems. For Bézier trian-136

gles [RDG01] the clipping is performed in barycentric coordinates137

(r,s, t) instead, i.e., rmin,rmax , smin,smax , and tmin, tmax .138

Multivariate Function Approximation. Peterka et al. [PNG∗18]139

proposed approximating spatial field data using non-uniform ra-140

tional B-splines (NURBS). Apart from enabling smooth evalua-141

tion of values and derivatives, the method can compress data by142

forming coarser approximations under a desired error tolerance.143

By now, the MFA construction has been accelerated [GPMN19,144

MLGP24], was made adaptive [PLGM23], and was applied in-145

situ [PNG∗22], in direct volume rendering [SLYP23,SLYP24], and146

in topology [MLP∗24, MLG∗25]. The B-splines in MFA can be147

converted to Bézier tensor products by linearly transforming the148

control points from de Boor to Bézier, and by lifting into homo-149

geneous coordinates to handle the rational weights [SN90]. Ma et150

al. [MLP∗24] used the iterative Newton-Raphson method to locate151

critical points. In contrast, we develop a bracketing-based Bézier152

clipping method that does not require adequate initial guesses.153

2.2. Parallel Vectors Operator154

Peikert and Roth [PR99] introduced the Parallel Vectors (PV) op-155

erator, which searches for all locations at which two continuous156

vector fields v(x) and w(x) are parallel:157

v(x) ∥ w(x) ⇔ v(x)×w(x) = 0. (3)

A number of feature curves have been defined in terms of the PV158

operator. We focus on vortex corelines in steady 3D flow using159

the reduced velocity criterion of Sujudi-Haimes [SH95], which we160

phrase in the eigenvector-free form [PR99]:161

v(x) ∥ (J(x) ·v(x))︸ ︷︷ ︸
w(x):=a(x)

. (4)

With this, the field w(x) remains polynomial if v(x) was poly-162

nomial. Based on the eigenvalues of the Jacobian, the resulting163

feature line can be classified as vortex coreline (swirling motion)164

or bifurcation lines (saddle-like motion) [PC87, Rot00]. For time-165

dependent fluid flow, the vector field can be first transformed into166

a near-steady reference frame [GGT17, BRG19, HMTR19]. Apart167

from those features, the PV operator has been used among others168

to define bent corelines [RP98], ridge/valley lines [PS08], and jet169

streams [KHS∗18, BSB∗22].170

Piecewise Linear Vector Fields. For two linear vector fields v(x)171

and w(x), Peikert and Roth [PR99] have shown that the search for172
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PV solutions on tetrahedral cell faces is done by solving an eigen-173

analysis. Later, Guo et al. [GP21], have shown that for two linear174

tetrahedral elements, an analytic solution can be found. For (higher-175

dimensional) piecewise-linear fields, roots have been searched on176

the faces of tetrahedra via Bézier bisection [ORT18a,GT19], which177

bisects Bézíer representations of the cross product components re-178

cursively to converge to the root. In this paper, we are not concerned179

with piecewise linear approximations of a given vector field, and180

instead aim for solutions to trilinear and tricubic fields.181

Local Techniques. Peikert and Roth [PR99] introduced multiple182

local PV extractors. One option is to intersect isocontours of two183

cross product components, which is numerically challenging when184

there is a small angle between isocontours. Alternatively, one can185

solve for roots on the faces of each grid cell and connect the so-186

lutions afterwards. If the connectivity is ambiguous, grid cells are187

recursively subdivided. To find the roots, Peikert and Roth [PR99]188

used the iterative Newton-Raphson method per cell face. Starting189

from the cell center as initial guess x(k)c , and a differentiable multi-190

variate function g(x), the method iterates [Kel95, Chp. 5]:191

x(k+1)
c = x(k)c −

[
∇g(x(k)c )

]−1
·g(x(k)c ). (5)

When ∇g is not invertible, a pseudoinverse is used instead. Since192

the cross product has a 1-dimensional null space, a sectional New-193

ton descent was performed by Schindler et al. [SFBP09] and later194

by Witschi et al. [WG20] in the context of an implicit PV renderer.195

To reach high accuracy, a higher-order marching cubes with adap-196

tive mesh refinement [RCMG07] is needed, which has the same197

convergence rate as the bisection method, as it recursively refines198

the domain via bisections. For a polynomial function in Bézier199

form, the bisection method can be used [ORT18a, GT19, BRG21],200

which terminates the recursion as soon as any of the three cross201

product components cannot contain a root anymore.202

Integration-based Techniques. Integration-based approaches203

construct a feature flow field [TS03] for tracing the PV solution204

as tangent curve. To increase the numerical accuracy, a predictor-205

corrector style approach [VGP09] and a stable FFF [WTVGP10]206

have been developed. The FFF needs seed points, for which207

Theisel et al. [TSW∗05] proposed an octree-based refinement208

that assumed trilinear interpolation. In general non-linear fields,209

Pagot et al. [POS∗11] used reduced affine arithmetic (a form of210

interval arithmetic) [KHK∗09] to locate candidate points, refined211

those with Newton iterations, and then traced feature curves using212

feature flow fields. In this work, we develop a fully local method213

for polynomial interpolants, which does not require initial guesses.214

Related Problems. While the classic PV operator always con-215

siders two vector fields, Gerrits et al. [GRT18] searched for ap-216

proximate PV solutions to multiple vector fields, while Oster et217

al. [ORT18b] searched for parallel eigenvectors in tensor fields. An-218

other generalization is the high-dimensional dependent vectors op-219

erator [HS19], which searches for the k-dimensional space, where220

n-dimensional vector fields are parallel. For the parallel vectors op-221

erator, this is n = 3 and k = 1. Their approach traverses the (n−k)-222

faces of the n-dimensional grid and performs Gauss-Newton iter-223

ations to find isolated solutions, which are afterwards connected.224

Recently, the parallel vectors problem has been phrased as vari-225

ational minimizer [DG24], for which a predictor-corrector and a226

refinement-based solver have been developed.227

3. Method228

With this paper, we develop a novel bracketing-based parallel vec-229

tors (PV) [PR99] solver that is based on Bézier clipping [SN90].230

Following local PV extraction methods on regular grids, we solve231

for the entry and exit points of PV lines on all cell faces, which are232

afterwards connected with adaptive subdivision to handle connec-233

tivity ambiguities. In Section 3.1, we first derive the cross product234

of two vector fields on a cell face in general Bézier form, which235

applies to vector fields of arbitrary polynomial degree (bilinear, bi-236

quadratic, bicubic, etc.). The higher-order polynomial representa-237

tions enable sampling of higher-order derivatives and can be used238

to approximate non-polynomial interpolants. In Section 3.2, we239

develop a C1 continuous cubic interpolant, which converts from240

raw grid points to Bézier control points of tensor product vol-241

umes. In Section 3.3, we derive the acceleration in tensor prod-242

uct form directly from the cubic interpolant of the velocity, which243

we use in the eigenvector-free formulation of the Sujudi-Haimes244

criterion [SH95]. Lastly, Section 3.4 describes our extension of the245

Bézier clipping algorithm to the parallel vectors problem, for which246

we propose a component-wise and a projection-based algorithm. A247

C++ reference implementation is available at [DG26].248

3.1. Cross Products in Bézier Form249

Bézier form. On a quad face with parameterization (u,v)∈ [0,1]2,250

the two vector fields v(u,v) and w(u,v) can be represented in251

Bernstein-Bézier basis as tensor products [Far02], cf. Eq. (2):252

v(u,v) =
nv

∑
i=0

mv

∑
j=0

Bnv
i (u) ·Bmv

j (v) ·vi, j, (6)

w(u,v) =
nw

∑
i=0

mw

∑
j=0

Bnw
i (u) ·Bmw

j (v) ·wi, j. (7)

The field v(u,v) is represented with (nv + 1)× (mv + 1) control253

points vi, j with 0 ≤ i ≤ nv and 0 ≤ j ≤ mv. Likewise, the field254

w(u,v) is represented with (nw +1)× (mw +1) control points wi, j255

with 0 ≤ i ≤ nw and 0 ≤ j ≤ mw. That is, we explicitly allow for256

a varying degree in the fields v(u,v) and w(u,v). This is important,257

since one of the fields is often computed from derived differential258

properties that may have a different polynomial degree.259

Cross product. The cross product c(u,v) = v(u,v) × w(u,v),260

which is solved by the parallel vectors operator in Eq. (3), is like-261

wise represented in Bezier form:262

c(u,v) =
nc

∑
i=0

mc

∑
j=0

Bnc
i (u) ·Bmc

j (v) · ci, j, (8)

where nc = nv + nw and mc = mv +mw. Thus, the degree of the263

cross product is the sum of the degrees of the individual fields. For264

example, if v(u,v) and w(u,v) are both bilinear, then the cross prod-265

uct becomes biquadratic. The control points ci, j can be computed in266

© 2026 The Author(s).
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closed-form by convolution over the indexing space, which gives:267

ci, j = ∑
k∈Ki

∑
l∈L j

(nv
k
)( nw

i−k
)(nc

i
) ·

(mv
l
)(mw

j−l
)(mc

j
) ·

(
vk,l ×wi−k, j−l

)
, (9)

with Ki = {k ∈ Z | max(0, i−nw)≤ k ≤ min(i,nv)} and L j = {l ∈268

Z | max(0, j −mw) ≤ l ≤ min( j,mv)}. To accelerate the compu-269

tation, we precompute a weight table in which the binomial coef-270

ficients are cached, as well. Further details and a pseudocode are271

provided in the supplemental material.272

3.2. Cubic Interpolant in Bézier Form273

When constructing a higher-order interpolant from grid points, one274

can choose between local and global spline interpolants. The global275

interpolants require solving a global linear system to match con-276

tinuity constraints across all spline segments, which results in a277

Bézier representation as in Eq. (2). The local interpolants give up278

one continuity degree to avoid the need for a global linear system.279

In our work, we choose a Catmull-Rom spline, which is local.280

Catmull-Rom splines. Next, we construct a cubic interpolant,281

starting with the 1D case. We use Catmull-Rom splines, which282

yield interpolating C1 continous cubic curves p(t) that pass through283

two points p1 and p2 with given tangents m1 and m2,284

p(t) = h00(t) ·p1 +h10(t) ·m1 +h01(t) ·p2 +h11(t) ·m2, (10)

with the Hermite basis functions285

h00(t) = 2t3 −3t2 +1, h01(t) = t3 −2t2 + t, (11)

h10(t) =−2t3 +3t2, h11(t) = t3 − t2, (12)

and where the tangents are estimated from additional points,286

i.e., m1 = p2−p0
2 , m2 = p3−p1

2 . Thus, in summary four points287

p0,p1,p2,p3 are needed to construct the interpolating cubic poly-288

nomial. Catmull-Rom splines are described in monomial basis289

t(t) = (1, t, t2, t3)T as follows:290

p(t) = t(t)T ·


0 1 0 0

−1/2 0 1/2 0
1 −5/2 2 −1/2

−1/2 3/2 −3/2 1/2


︸ ︷︷ ︸

Mp

·


p0
p1
p2
p3


︸ ︷︷ ︸

P

. (13)

To convert from the monomial basis to the Bernstein basis, we like-291

wise use a linear transformation:292

t(t)T =


B3

0(t)
B3

1(t)
B3

2(t)
B3

3(t)


T

1 0 0 0
1 1/3 0 0
1 2/3 1/3 0
1 1 1 1


︸ ︷︷ ︸

Mb

. (14)

Since each transformation is linear, we can express the interpolat-293

ing Catmull-Rom spline immediately in Bernstein-Bézier form:294

p(t) =
3

∑
i=0

B3
i (t) ·bi, (15)

with the control points bi being computed via linear transformation:295 
b0
b1
b2
b3

=


0 1 0 0

−1/6 1 1/6 0
0 1/6 1 −1/6
0 0 1 0


︸ ︷︷ ︸

M=Mb·Mp

·


p0
p1
p2
p3

 . (16)

Regular grids. In the following, we utilize a C1-continuous tricu-296

bic interpolant per cell. Each cell has 2 × 2 × 2 corner values.297

Adding another voxel in each direction gives a 4 × 4 × 4 block,298

which is needed to construct C1 continuity. In the following, let299

pi, j,k be the values on the 4× 4× 4 grid with i, j,k ∈ {0,1,2,3}.300

The Bernstein-Bézier coefficients of the C1-continuous tricubic in-301

terpolant are computed using trilinear tensor contraction:302

bi, j,k =
3

∑
a=0

3

∑
b=0

3

∑
c=0

Mi,a ·M j,b ·Mk,c ·pa,b,c, (17)

where Mi,a, M j,b, Mk,c access the entries of the 4×4 matrix M =303

Mb ·Mp, which is shown in Eq. (16). The contraction is performed304

successively per dimension, for which a pseudocode is listed in the305

supplemental material. With this, we are able to describe tricubic306

interpolation of vector fields in Bézier form. Note that multivari-307

ate functional approximations [PNG∗18] likewise construct poly-308

nomial interpolants, but in non-uniform rational B-spline form.309

3.3. Derived Acceleration310

The eigenvector-free vortex coreline definition for the reduced ve-311

locity criterion [SH95] calculates v ∥ a. In the following, we derive312

the acceleration directly in Bézier form from the velocity.313

Given the velocity field v(u,v,w) as tensor product of degree314

n1×n2×n3, with the control points being computed with Eq. (17):315

v(u,v,w) =
n1

∑
i=0

n2

∑
j=0

n3

∑
k=0

Bn1
i (u) ·Bn2

j (v) ·B
n3
k (w) ·vi, j,k. (18)

First, the Jacobian J(u,v,w) = (vx(u,v,w),vy(u,v,w),vz(u,v,w))316

is computed. Its first column vector is the velocity partial ∂v
∂x ,317

which has degree (n1 − 1)× n2 × n3. Similarly, ∂v
∂y has degree318

n1 × (n2 −1)×n3 and ∂v
∂z has degree n1 ×n2 × (n3 −1). Each par-319

tial is represented as tensor product:320

∂v(u,v,w)
∂x

=
n1−1

∑
i=0

n2

∑
j=0

n3

∑
k=0

Bn1−1
i (u) ·Bn2

j (v) ·B
n3
k (w) ·∂xvi, j,k,

(19)

∂v(u,v,w)
∂y

=
n1

∑
i=0

n2−1

∑
j=0

n3

∑
k=0

Bn1
i (u) ·Bn2−1

j (v) ·Bn3
k (w) ·∂yvi, j,k,

(20)

∂v(u,v,w)
∂z

=
n1

∑
i=0

n2

∑
j=0

n3−1

∑
k=0

Bn1
i (u) ·Bn2

j (v) ·B
n3−1
k (w) ·∂zvi, j,k,

(21)
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Figure 4: Component-wise Bézier clipping of the cross product surface c(u,v) = (cx(u,v),cy(u,v),cz(u,v))T (left). Each cross-product
component can be seen as a height surface (middle top). To perform a u-clip, the rows of control points are inserted per component into a
plot with the coordinates ( i

nu
,cx

i, j), (
i

nu
,cy

i, j), and ( i
nu
,cz

i, j), respectively (middle bottom). Intersecting the convex hull with the u-axis gives
rise to a relative clip range per component, i.e., cx

l ,c
x
r and cy

l ,c
y
r and cz

l ,c
z
r. Since a root must exist on all components, the surface c(u,v) is

u-clipped with cl = max({cx
l ,c

y
l ,c

z
l}) and cr = min({cx

r ,c
y
r ,cz

r}) (right). This can be done analogously for a v-clip.

where the control points are computed by difference formulas:321

∂xvi, j,k = n1 · (vi+1, j,k −vi, j,k)/∆x, (22)

∂yvi, j,k = n2 · (vi, j+1,k −vi, j,k)/∆y, (23)

∂zvi, j,k = n3 · (vi, j,k+1 −vi, j,k)/∆z, (24)

with ∆x = ∂x
∂u , ∆y = ∂y

∂v , ∆z =
∂z
∂w denoting the grid spacing. As322

visible in the summation bounds in Eqs. (19)–(21), each partial323

derivative has a different degree. This complicates the computation324

of the acceleration, since Bernstein polynomials would have to be325

evaluated for different degrees. To unify the treatment and to sim-326

plify the computation, we perform a degree elevation to the degree327

n1 ×n2 ×n3, here at the example for ∂xvi, j,k:328

∂xv′i, j,k =


n1−i

n1
·∂xvi, j,k, i = 0

i
n1
·∂xvi−1, j,k, i = n1

n1−i
n1

∂xvi, j,k +
i

n1
·∂xvi−1, j,k, else.

(25)

With this, the acceleration field a(u,v,w) = J(u,v,w) ·v(u,v,w) can329

likewise conveniently be expressed in tensor product form with the330

degree 2n1 ×2n2 ×2n3:331

a(u,v,w) =
2n1

∑
i=0

2n2

∑
j=0

2n3

∑
k=0

B2n1
i (u) ·B2n2

j (v) ·B2n3
k (w) ·ai, j,k, (26)

with the control points being matrix-vector products of the elevated332

Jacobian control points and the velocity control points:333

ai, j,k = ∑
i′+i′′=i
j′+ j′′= j
k′+k′′=k

(n1
i′
)(n1

i′′
)(2n1

i
) (n2

j′
)(n2

j′′
)(2n2

j
) (n3

k′
)(n3

k′′
)(2n3

k
) ·

(
J′i′, j′,k′ ·vi′′, j′′,k′′

)
,

(27)

with J′i′, j′,k′ = (∂xv′i′, j′,k′ ,∂yv′i′, j′,k′ ,∂zv′i′, j′,k′) being the elevated334

Jacobian from Eq. (25). Thereby, the indices i′, j′,k′ loop the con-335

trol points of J′ and the indices i′′, j′′,k′′ loop the control points of336

v. Again, weight tables are precomputed to accelerate the compu-337

tation, which is shown in form of pseudocode in the supplemental338

material. For the purpose of vortex coreline extraction according to339

the Sujudi-Haimes criterion, the faces of the velocity and accelera-340

tion voxel are chosen as v(u,v) and w(u,v) field, respectively, see341

Eqs. (6)–(7). Here, for example, the lower z cell face:342

vi, j = vi, j,0, wi, j = ai, j,0, (28)

with the degrees nv = n1, mv = n2, nw = 2n1, and mw = 2n2.343

3.4. Bézier Clipping for Parallel Vectors344

In the following, we describe two recursive Bézier clipping algo-345

rithms for the extraction of parallel vectors solution on cell faces,346

i.e., for the detection of solutions to c(u,v) := v(u,v)×w(u,v) =347

(0,0,0)T. Both clipping algorithms decide in each iteration whether348

to clip in u-direction or in v-direction. We discuss the decision pro-349

cess at the end of this section. To explain the clipping procedure,350

we will first assume that the clip is done in u-direction.351

Component-wise Clipping. The Bézier bisection algorithm in352

Section 2.1 can be applied component-wise, when solving the par-353

allel vectors problem [BRG21]. With each recursion, a subinter-354

val is only continued if the existence of a root cannot be ex-355

cluded on any of the three components. Similarly, the Bézier clip-356

ping algorithm can be executed component-wise, too. An illustra-357

tion of the algorithm is shown in Fig. 4. The cross-product field358

c(u,v) = (cx(u,v),cy(u,v),cz(u,v))T is tri-variate. Each of the three359

scalar components can be thought of as a height surface, as shown360

in Fig. 4 (middle top). We begin with the first component cx(u,v).361

Similar to Fig. 3, we could take the first row of its control points362

cx
0,0, . . . ,c

x
nu,0 and plot them over u as points ( i

nu
,cx

i,0). Intersect-363

ing the convex hull of those control points with the u-axis gives364

us the relative clip range (from left and right) for which the curve365

cx(u,v)|v=0 cannot contain a root. To obtain the clip range for any366

v in cx(u,v), we need to insert all control points ( i
nu
,cx

i, j) with367

i ∈ {0,nu} and j ∈ {0,nv} into the plot, see Fig. 4 (middle bottom).368

Computing the convex hull gives us the clip ranges cx
l (from left)369

and cx
r (from right). Doing this similarly for the second component370

cy(u,v) and third component cz(u,v) of c(u,v), we get the ranges371

cy
l and cy

r , as well as cz
l and cz

r. Since we require the roots to exist372

in all three components at the same time, we can clip the surface373

c(u,v) in all three components directly with, see Fig. 4 (right):374

cl = max({cx
l ,c

y
l ,c

z
l}), cr = max({cx

r ,c
y
r ,c

z
r}). (29)
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cnu ,nvc0,nv

ẽu

ẽv

t
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u
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cl cr
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Figure 5: Projection-based Bézier clipping computes for a given cross-product surface c(u,v) (first image), the direction n in which the clip
cuts away from the surface, here for a u-clip (second image). Next, the distance du(u,v) from the surface c(u,v) to the clip plane is computed
in Bézier form (third image). Intersecting the convex hull of the points ( i

nu
,du

i, j) with the u-axis gives the relative clipping ranges cl , cr (fourth
image). Lastly, the Bézier surface is clipped, removing parts that cannot contain roots (fifth image). The process is similar for a v-clip.

At iteration k, the Bézier surface is thereby u-clipped from left and375

right from the domain [u(k)0 ,u(k)1 ] to the new range [u(k+1)
0 ,u(k+1)

1 ]:376

u(k+1)
0 = u(k)0 +

(
u(k)1 −u(k)0

)
· cl , (30)

u(k+1)
1 = u(k)1 −

(
u(k)1 −u(k)0

)
· cr. (31)

The clipping can be done with the de Casteljau algorithm [Far02],377

or to speed it up, with the Volk-Schumaker algorithm [SV86]. Thus,378

in summary, we can calculate the clipping ranges component-wise,379

which requires three convex hull calculations. Each convex hull can380

be computed with a plane sweep at a runtime complexity of O(nu ·381

nv). Thus, the cost rises for higher-order polynomial vector fields.382

Projection-based Clipping. To lower the number of clipping383

range computations, we transfer the ray intersection algorithm of384

Efremov et al. [EHS05] to the parallel vectors problem. The cross385

product surface c(u,v) has three components and can be pictured386

as a surface in 3D space parameterized by (u,v), see Fig. 5 (first387

image). The goal is to cut pieces from the surface in either u- or388

v-direction, until the resulting surface patch converges sufficiently389

far onto the point (0,0,0)T. The idea of the projection-based clip-390

ping is to ask how far a surface point c(u,v) is away from the root391

(0,0,0)T, measured along the direction in which the clipping is cut-392

ting away from the surface. This way, surface points that are clipped393

at the same time have equal distance, resulting in more compact394

convex hulls, and thereby larger clips. When clipping in u direction,395

then the clip cuts on average orthogonal to the average v-tangent:396

ev =
1

|u1 −u0| · |v1 − v0|

∫ u1

u0

∫ v1

v0

∂

∂v
c(u′,v′)|u=u′,v=v′ du′dv′.

(32)

Reversely, a clipping in v direction, cuts on average orthogonal to397

the average u-tangent:398

eu =
1

|u1 −u0| · |v1 − v0|

∫ u1

u0

∫ v1

v0

∂

∂u
c(u′,v′)|u=u′,v=v′ du′dv′.

(33)

Neglecting the scaling, the direction of these average tangents is399

approximated from the outer corners of the control polygon:400

ẽu = cnu,0 − c0,0 + cnu,nv − c0,nv ,
ẽu

∥ẽu∥
≈ eu

∥eu∥
, (34)

401

ẽv = c0,nv − c0,0 + cnu,nv − cnu,0,
ẽv

∥ẽv∥
≈ ev

∥ev∥
. (35)

To measure the distance from the origin (0,0,0)T orthogonal to402

the direction ẽv (for a u-clip) or ẽu (for a v-clip), we construct two403

implicit plane equations. First, we construct a vector t = ẽu × ẽv,404

which approximates the average normal of the cross product sur-405

face c(u,v). Then, we construct the clipping plane normals to be406

orthogonal to both t and the respective surface tangent ẽu or ẽv:407

nu =
ẽv × t

∥ẽv × t∥ , nv =
ẽu × t

∥ẽu × t∥ . (36)

Fig. 5 (second image) illustrates the construction for a u-clip. The408

distance from a point p to the implicit planes is calculated simply409

by inserting into the Hesse normal form of the planes:410

du(p) = nT
u p+o, dv(p) = nT

v p+o, (37)

with o = (0,0,0)T since we measure the distance to the origin, i.e.,411

the root. To measure how far any surface point c(u,v) is away from412

the implicit planes, we insert c(u,v):413

du(u,v) := du(c(u,v)) =
nu

∑
i=0

nv

∑
j=0

Bnu
i (u) ·Bnv

j (v) ·n
T
u ci, j︸ ︷︷ ︸
du

i, j

(38)

dv(u,v) := dv(c(u,v)) =
nu

∑
i=0

nv

∑
j=0

Bnu
i (u) ·Bnv

j (v) ·n
T
v ci, j︸ ︷︷ ︸
dv

i, j

(39)

As we can see from Eqs. (38)–(39), the distance functions du(u,v)414

(for a u-clip) and dv(u,v) (for a v-clip) can be expressed directly415

in Bézier form, cf. Fig. 5 (third image) for an illustration of the416

distance surface du(u,v) for a u-clip. From here, the Bézier clipping417

proceeds as in the component-wise algorithm. Roots are guaranteed418

to not exist if ∀i, j : du
i, j > 0 or ∀i, j : du

i, j < 0 (and likewise for v). For419

a u-clip, we compute the convex hull of the points ( i
nu
,du

i, j), which420

directly gives the relative clipping ranges cl (from left) and cr (from421

right), see Fig. 5 (fourth image). Lastly, the cross product surface422

c(u,v) is clipped to remove parts that certainly do not contain roots,423

see Fig. 5 (fifth image). The clipping in v-direction is analogous.424

Clip Decision and Termination. During the iterative clipping425

process, we keep track of the parameter ranges [u(k)0 ,u(k)1 ] and426

© 2026 The Author(s).
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[v(k)0 ,v(k)1 ], cf. Eqs. (30)–(31). The next clipping direction is decided427

based on the progress in the two dimensions, favoring the direction428

in which more progress can be made:429 u-clip : u(k+1)
1 −u(k+1)

0

u(k)1 −u(k)0

≤ v(k+1)
1 −v(k+1)

0

v(k)1 −v(k)0

v-clip : else
. (40)

The clipping process proceeds recursively until two termination430

conditions are reached, i.e., the clipped range is small enough:431

u(k)1 −u(k)0 < τrange ∧ v(k)1 − v(k)0 < τrange, (41)

and the cross product norm is small enough at the mid-point, which432

is eventually reported as the root:433 ∥∥∥∥c
(

1
2
(u(k)0 +u(k)1 ),

1
2
(v(k)0 + v(k)1 )

)∥∥∥∥< τresidual. (42)

If one range is finished, e.g., u(k)1 − u(k)0 < τrange, then clipping434

continues only on the other range. In case of multiple roots, the435

progress slows down as with regular Bézier clipping [SN90]. If less436

than 10% of the range is clipped, the surface is split in the middle437

at u(k)0 +u(k)1
2 for a u-clip, and at v(k)0 +v(k)1

2 for a v-clip. This ensures438

that the convergence rate remains high throughout the process and439

it ensures that all roots are found. In our tests, we observed that the440

projection-based clipping strategy led to larger clips and thereby a441

speedup of about 2.7× to 3.9×, see later in Table 1, which is why442

we followed this approach in the remainder of this work.443

4. Result444

We evaluated our parallel vectors solvers on vortex/bifurcation line445

extraction tasks in the DELTA WING, BORROMEAN, SWIRLING-446

JET, and BOEING data set. We chose the numerical precision447

thresholds τresidual and τrange such that the bisection and the clip-448

ping method both find the same solutions, which enables a fair449

comparison of their runtime. As with any other PV solver, voxels450

can be discarded early based on the type of feature, for example to451

exclude voxels with insufficient vorticity (ω(x) ≤ ωmin). We used452

the following filters in our data sets: ωmin = 100 (DELTA WING),453

ωmin = 0.05 (BORROMEAN), and ωmin = 10 (BOEING).454

4.1. Solver Performance455

We evaluated the parallel vectors extraction algorithms on a work-456

station with an AMD Ryzen 9 9950X CPU with 4.30GHz. For457

all measurements, we report the mean and standard deviation of458

10 repeated measurements. We list the runtime and several met-459

rics for the independent bilinear interpolant in Table 1. Additional460

measurements for the independent bicubic interpolant and for the461

bicubic interpolant with derived acceleration can be found in the462

supplemental material. Since Bézier bisection and Bézier clipping463

both compute the Bézier representation, cf. Sections 3.1–3.3, we464

separately list the Solve Runtime, which measures the runtime of465

the solver alone (Section 3.4). Fig. 6 shows a significant reduction466

in solve runtime to about 9.1× when using projection-based Bézier467

clipping compared to Bézier bisection, which is evident for both the468

bilinear and bicubic interpolant. In general, the bicubic interpolant469

is about 8.2× slower than the bilinear interpolant, for both bisection470

and clipping, see our supplemental material. This is because the bi-471

linear interpolant solves for the roots in biquadratic cross product472

surfaces (3×3 control points), while the bicubic interpolant solves473

for the roots on surfaces with degree 6 in u and v direction (7× 7474

control points). Fortunately, the solve runtime is output sensitive,475

i.e., it depends on the number of solutions (# Solutions) and on the476

average recursion depth (� Sol. Depth) at which those solutions477

were found. The performance advantage of the clipping method is478

directly reflected in the serial runtime. However, for datasets with479

sparse solutions (DELTA WING and NINE CL) the total runtime is480

dominated by the computation of the Bézier representations. Run-481

ning the extraction in parallel further improved performance. How-482

ever, the unbalanced workload across voxels negatively affects the483

thread utilization. We leave the optimization of the workload sched-484

uler to future work. For our purposes, we used OpenMP’s dynamic485

scheduler. We observed that the iterative Newton-Raphson method,486

as used by Peikert and Roth [PR99], is consistently slower than our487

clipping approaches and misses 0.3–9% of all PV point solutions,488

as it depends on the initial guess. The additional material contains489

visual comparisons and experiments with the bicubic interpolants,490

where Newton-Raphson misses up to 15% of solutions.491

4.2. Solver Convergence492

Two primary factors determine the faster solve runtime of the493

Bézier clipping approach. First, clipping produces less duplicates494

than bisection. With both methods, a root is discarded if it is too495

close to an existing one. Duplicate solutions may arise whenever496

the surface is split close to a root. Both subsurfaces then converge497

to approximately the same location on their shared boundary. The498

clipping solver only subdivides surfaces when the clip progress is499

too small (see Section 3.4), which might still give rise to dupli-500

cate solutions. However, this situation is rare and occurred only501

in the SWIRLING JET. In contrast, the bisection method subdi-502

vides the surface in every iteration, making duplicates more likely.503

With the clipping approach, the total number of duplicates remains504

significantly lower compared to the bisection approach. The sec-505

ond reason for the difference in solve runtime is the faster conver-506

gence of the clipping procedure. Fig. 7 shows the average recur-507

sion depths when a solution is found and the average clip sizes in508

the SWIRLING JET. The recursion depth is decreased significantly509

while the average clip size jumps from a fixed 50% for bisection to510

around 90% for clipping. This pattern is the same across all other511

datasets, see columns � Sol. Depth and � Clip Size in Table 1.512

With bicubic interpolation, an increase in recursion depth and a re-513

duced clip size are observable, which in shown in the supplemental514

material. This is most likely attributed to the increased number of515

control points which makes finding an ideal plane more difficult.516

However, the differences in clip size and recursion depth stay large517

when comparing clipping and bisection, which is reflected in the518

reduced solve runtime for clipping.519

4.3. Newton Refinement (Hybrid Solvers)520

The Newton-Rapshon iterations in Eq. (5) exhibit quadratic conver-521

gence, but might miss solutions when given a poor initial guess. In522

contrast, Bézier bisection has only linear convergence, but since523

it is a bracketing method, the discovery of all roots within a524

© 2026 The Author(s).
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Figure 6: Runtime comparison of Bézier-based approach. The solve runtime is measured alone because the computation of the Bézier repre-
sentation is common to all methods. From left to right all possible datasets for a specific interpolant (bilinear, bicubic, derived acceleration)
are compared showing the bisection solver in purple ( ), the component-wise clipping solver in gray ( ) and the projection-based clip-
ping solver in green ( ). On average we observe a speedup of 3.1× of the component-wise clipping solver over the bisection solver and a
speedup of 2.9× of the projection-based clipping solver over the component-wise clipping solver.

Dataset Algorithm Runtime (Serial) Runtime (Parallel) Solve Runtime # Duplicates # Solutions � Sol. Depth � Clip Size

DELTA WING

Bisection 89.85 ± 0.18 21.14 ± 1.78 21.79 ± 0.07 781 2276 66.33 0.500
Clipping (C) 76.05 ± 0.38 8.40 ± 1.31 7.84 ± 0.05 85 2276 21.84 0.751
Clipping (P) 74.07 ± 0.16 8.67 ± 1.04 2.66 ± 0.01 0 2276 7.46 0.925

Newton-Raphson 74.40 ± 0.17 8.06 ± 1.39 12.23 ± 0.01 0 2213 — —
Piecewise Linear 554.82 ± 0.51 28.44 ± 1.26 — 0 2836 — —

BORROMEAN

Bisection 224.18 ± 0.47 35.87 ± 1.09 49.93 ± 0.06 5200 6971 36.97 0.500
Clipping (C) 193.62 ± 0.18 13.71 ± 1.09 20.19 ± 0.08 633 6971 16.17 0.686
Clipping (P) 184.27 ± 0.19 12.19 ± 1.26 6.53 ± 0.01 0 6971 5.71 0.959

Newton-Raphson 296.06 ± 0.41 13.63 ± 0.69 38.03 ± 0.03 0 6948 — —
Piecewise Linear 7549.42 ± 2.25 333.11 ± 1.31 — 0 15507 — —

SWIRLING JET

Bisection 960.89 ± 3.06 139.67 ± 0.27 167.81 ± 0.49 12388 11769 52.17 0.500
Clipping (C) 844.96 ± 0.19 57.30 ± 0.94 54.52 ± 0.23 2150 11769 24.71 0.632
Clipping (P) 819.34 ± 0.14 53.83 ± 0.16 12.36 ± 0.06 55 11769 6.02 0.968

Newton-Raphson 1305.83 ± 0.39 58.54 ± 0.77 108.82 ± 0.07 0 11728 — —
Piecewise Linear 34258.94 ± 25.02 1537.24 ± 7.70 — 0 18537 — —

BOEING

Bisection 505.25 ± 2.44 135.44 ± 2.79 308.19 ± 1.14 21813 25752 49.79 0.500
Clipping (C) 330.09 ± 1.86 43.95 ± 1.87 129.43 ± 0.24 2561 25752 24.42 0.650
Clipping (P) 267.39 ± 5.24 30.27 ± 1.63 52.46 ± 0.50 0 25752 9.72 0.756

Newton-Raphson 463.59 ± 1.51 34.22 ± 1.44 287.01 ± 0.34 0 22964 — —
Piecewise Linear 1432.61 ± 2.27 75.87 ± 1.71 — 0 51506 — —

NINE CL

Bisection 358.00 ± 0.14 26.72 ± 1.04 5.87 ± 0.03 875 1625 42.69 0.500
Clipping (C) 350.57 ± 0.15 24.27 ± 1.58 0.66 ± 0.00 0 1625 3.23 0.997
Clipping (P) 358.30 ± 0.23 22.58 ± 0.37 0.88 ± 0.01 0 1625 4.15 0.996

Newton-Raphson 586.37 ± 0.48 24.60 ± 0.87 19.67 ± 0.03 0 1250 — —
Piecewise Linear 6324.08 ± 4.63 293.25 ± 2.15 — 0 1500 — —

Table 1: Metrics recorded for independent bilinear interpolation to compare the performance on different datasets using the bisection
method, our component-wise clipping (C), our projection-based clipping (P), and Newton-Raphson. For reference, the piecewise linear
interpolant is listed, as well. All runtimes are measured and averaged for 10 runs, listing mean and standard deviation in milliseconds.

Figure 7: Comparison of bilinear bisection ( ), bicubic bisection
( ), bilinear projection-based clipping ( ), and bicubic projection-
based clipping ( ) in the SWIRLING JET.

given range is guaranteed. Combining the two in a hybrid ap-525

proach [BRG21], starting with bisection and switching to Newton526

once it can be assumed that there is only one solution nearby, leads527

to improved convergence over bisection and less missed solutions528

than with Newton only [PR99]. However, this approach requires529

careful tuning of the parameter that controls when bisection is re-530

placed by Newton iterations. In this section, we analyze the effect531

of Newton iterations on our clipping solver by collecting metrics532

for different values of this parameter (Newton start size) while fix-533

ing the residual termination parameter τresidual, cf. Eq. (42). The534

implementation of this hybrid approach is straightforward. As soon535

as the clipping or bisection solver reaches a certain range τrange,536

cf. Eq. (41), Newton iterations are performed until a certain er-537

ror residual is reached or a maximum number of iterations is ex-538

ceeded. The Jacobian necessary for the Newton iterations can be539

directly derived from the Bézier representation of the cross prod-540

uct, cf. Eqs. (19)–(21).541

Fig. 8 examines the effect of decreasing the Newton Start Size on542

the DELTA WING. At the top, the solve runtime in milliseconds and543

the number of solutions are shown. The bottom row shows the av-544

© 2026 The Author(s).
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Figure 8: Hybrid bisection ( ) and hybrid clipping ( ) in the
DELTA WING. The convergence of Bézier clipping is not improved
by using Newton steps, which is in contrast to the bisection solver.
However, hybrid bisection requires tuning to not miss solutions.
The completeness of solutions is shown by a dashed gray line.

erage number of Newton steps and the number of times the Newton545

iterations did not converge to a root. The dashed line indicates the546

point when both solvers find the complete set of solutions. Using547

Newton only does not give all solutions, since the initial guesses548

are not close enough. Further, it runs slower than the hybrid ap-549

proach, due to the large number of failed Newton refinements and a550

larger number of Newton steps. When using bisection first, the ini-551

tial guesses for the Newton refinement improve. The best runtime552

performance was reached when all solutions were found. Lower-553

ing the Newton Start Size further increases the number of bisection554

steps, which are overall more expensive than Newton iterations.555

Meanwhile the average number of Newton steps decreases, while556

the number of failed Newton attempts stays high. This is due to the557

large number of duplicates that the bisection solver produces. Clip-558

ping quickly reduces the number of failed Newton attempts while559

the number of required Newton steps is approximately the same as560

for the bisection solver, which is expected behavior for the same561

start size. For the solve runtime, we observed no optimal point at562

which Newton should be started, showing that Bézier clipping does563

not converge significantly slower than the Newton approach. In fact564

it shows that Newton iterations, if not carefully tuned, harm the565

performance of the clipping solver. Thus, we recommend a hybrid566

approach only for the bisection solver, which requires appropriate567

tuning of the Newton Start Size. Our clipping approach does not568

benefit from Newton refinement.569

4.4. Interpolants570

Qualitative Comparison. Fig. 9 compares the independent bi-571

linear, the independent bicubic, and the bicubic interpolant with572

derived acceleration in the BORROMEAN dataset. All lines were573

computed using projection-based clipping. For this dataset, we ob-574

served a smoother feature curve for the bicubic interpolant (left im-575

age) compared to the bilinear interpolant. As a result, the roots are576

more consistent and lead to smoother feature lines. In the right im-577

age, the bicubic interpolant with derived acceleration is compared578

against the bilinear interpolant. In some cases, the bi-cubic inter-579

polant leads to smoother feature lines (top), while in other cases580

(left) the feature lines do not improve compared to the bilinear in-581

terpolant. The other datasets exhibit a similar behavior. This sug-582

gests that the right choice of interpolant depends on the data.583

Figure 9: Left: For some lines in the BORROMEAN dataset, we
observed smoother results when using the bicubic interpolant ( )
than when using bilinear interpolation ( ). Right: With derived ac-
celeration ( ) some lines become smoother than with independent
bilinear interpolation ( ), while this may also fail for other lines.

Choice of Interpolant. A higher-order interpolant, such as the584

bicubic interpolant, makes a difference when it was already present585

in the data, or when higher-order derivatives are needed. If the data586

has been discretized so finely that a bilinear interpolant is suffi-587

cient, then a bicubic interpolant will give very similar results. To588

demonstrate this, the supplemental material contains a comparison589

of different sampling resolutions on the analytic NINECL dataset.590

Non-Polynomial Interpolant. If a data set has a non-polynomial591

interpolant, then tensor products can only approximate them to592

a desired error tolerance, which is a limitation we share with593

MFA [PNG∗18]. An exact representation of a higher-order inter-594

polant is only possible when the higher-order interpolant uses poly-595

nomial basis functions and when it is globally smooth such that no596

piece-wise behavior appears in the partial derivatives.597

5. Conclusion598

The parallel vectors operator [PR99] is a well-established mathe-599

matical framework for defining numerous feature curves in scalar600

and vector fields. In this paper, we introduced a novel bracketing-601

based parallel vectors solver, which solves the root finding problem602

on a parameter interval using Bézier clipping [SN90]. Compared to603

Bézier bisection, the clipping algorithm has faster convergence and604

less duplicate solutions. We derived the acceleration field for C1
605

continuous tricubic interpolants in Bézier form, which we used in606

the Sujudi-Haimes vortex coreline criterion [SH95].607

For the future, we would like to further accelerate the extrac-608

tion by parallelizing computations on the GPU, which will re-609

quire dedicated scheduling strategies, since the thread workload is610

non-uniformly distributed across the grid. Generalizations to paral-611

lel eigenvectors [ORT18b], approximate parallel vectors [GRT18],612

and dependent vectors [HS19] would be interesting future avenues.613

Since MFA [PNG∗18] can be represented with Bézier tensor prod-614

ucts after appropriate lifting, it would be interesting to apply Bézier615

clipping to MFA data, e.g., for critical point extraction.616
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