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Figure 1: We propose a novel parallel vectors (PV) extractor [PR99], which is based on Bézier clipping [SN90]-a root finding solver that
is popular in computer-aided geometric design. Our method achieves better convergence than Bézier bisection and readily generalizes to
polynomial higher-order interpolants. Our test scenes from left to right: SWIRLING JET, BOEING, DELTA WING, and BORROMEAN.

Abstract

In this paper, we propose a novel local feature extraction algorithm for the parallel vectors (PV) operator. Our method is
based on Bézier clipping, which is a bracketing-based root finding method that is commonly-used in computer-aided geometric
design. Compared to Bézier bisection, our clipping method exhibits significantly faster convergence and reduces duplicate
solutions. Compared to the general Newton-Raphson algorithm, the success of our approach does not depend on the quality of
an initial guess. The Bézier-based formulation readily generalizes to polynomial higher-order interpolants, such as for tricubic
interpolation. With this, we derive the acceleration in the Sujudi-Haimes vortex coreline criterion directly from the vector field
interpolant. In addition, we describe the cross product of two polynomial vector fields in arbitrary polynomial degree, which
can be used to approximate non-polynomial interpolants. Further, we examine the effect of Newton refinement on the proposed
Bézier clipping method. We evaluate our Bézier clipping method thoroughly on a range of different data sets.
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1. Introduction

In many disciplines of science and engineering, such as in meteo-
rology, aircraft engineering, or electromagnetism, the state of dy-
namical systems is frequently described by means of scalar, vector,
and tensor fields. To develop a deeper understanding of the underly-
ing physical processes, it is necessary to determine the key ingredi-
ents that govern the evolution of such fields. A branch of scientific
visualization focuses in particular on the extraction of so-called fea-
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tures, which are geometric structures that are often times defined
implicitly. More than 25 years ago, Peikert and Roth [PR99] es-
tablished a common mathematical foundation for the description
of feature lines by showing that many of them can be described
formally as solutions to the so-called Parallel Vectors (PV) prob-
lem. In the PV problem, feature lines are defined implicitly as loca-
tions at which two feature-specific vector fields are parallel, which
is the case when their cross product is zero. This simple and ele-


https://orcid.org/0009-0009-5047-2325
https://orcid.org/0000-0002-3020-0930

20f12 Nico Dafler and Tobias Giinther / Parallel Vectors Extraction using Bézier Clipping

gant description spurred decades of research on the reformulation
of common features as PV problems [PR99,RP98,PS08,BSB 22],
and on numerical extraction algorithms that robustly find solutions
to the operator [SFBP09, WG20, GP21, DG24]. On discrete data,
values and derivatives are estimated from carefully chosen inter-
polants. One possible choice are polynomial interpolants, such as
Bézier-splines or the non-uniform rational B-splines in multivariate
functional approximations [PNG 18]. We identified several open
challenges with polynomial interpolants in the PV operator:

e Faster Convergence. Once the cross product of the PV prob-
lem is phrased in Bernstein-Bézier representation, a recursive bi-
section algorithm [ORT18a, GT19] is available. Unlike Newton-
Raphson, the bisection algorithm is a bracketing method that
finds solutions on a given domain rather than requiring a good
initial guess. However, not only does bisection converge slowly,
as it always only halves the domain, it also exhibits duplicate
roots due to numerics. In this work, we tailor another bracketing-
based method called Bézier clipping [SN90] to the PV prob-
lem, which increases both convergence and numerical stability.
To this end, we investigate and compare two clipping strategies:
component-wise clipping and projection-based clipping.

e Newton Refinement for Bézier Clipping. The iterative
Newton-Raphson method exhibits quadratic convergence but it
might miss solutions if the initial guess was insufficient. One
option is to apply the linearly converging Bézier bisection first
to narrow down the candidate domain [BRG21], however, this
loses the advantage of quadratic convergence. Since Bézier clip-
ping exhibits quadratic convergence on its own [Sch09], it is not
clear if there is merit to incorporating a Newton refinement. We
evaluate the effect of Newton refinement for our Bézier clipping
method, showing that Newton refinement is not necessary.

e Derived Acceleration. The parallel vectors reformulation of the
reduced velocity criterion [SH95] searches for locations at which
the velocity and the acceleration are parallel. For polynomial in-
terpolants, the acceleration can be derived in closed-form. For a
C' continuous cubic interpolant, we derive the Bézier form of
acceleration directly from the velocity tensor product.

e Independent Interpolants. If the vectors in the cross product
cannot be derived directly in polynomial form, e.g., when one
side includes eigenvectors, a possible fallback is to approximate
the non-polynomial field with a polynomial interpolant. For this
use case, we describe the cross product of two polynomial vec-
tor fields of arbitrary polynomial degree, which we evaluate for
bilinear and bicubic interpolation on cell faces.

We evaluate our methods within a comprehensive benchmark on
multiple vector fields, comprising a detailed analysis of the runtime
and the algorithmic behavior (convergence, clipping rates, etc.).
Fig. 1 gives examples of our method, in which we extracted par-
allel vectors feature curves, including a SWIRLING JET, a BOEING
747-400 aircraft at a 15 angle of attack, a DELTA WING, and the
electromagnetic field of BORROMEAN rings (yellow).

2. Related Work
2.1. Root Finding Problems in Bézier Form

Bézier Basics. Originating from computer-aided geometric de-
sign [Far02], a Bézier curve x(¢) : [tg;#;] — R™ with polynomial
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Figure 2: Illustration of the bracketing-based Bézier bisection al-
gorithm. Left: If all control point values are positive (Vi : f; = 0),
or all are negative (Vi : f; <0), then no roots can exist. Here,
Joif1:f2 =0 and f3 <0, which means that a root might exist.
Right: After subdivision, the left half can be discarded (Vi : f; > 0),
while the right half recursively continues subdivision. Note that
only 50% of the domain can be removed with each recursion.

degree n is expressed as linear combination of its control points b;:

n . .
x)= Bl()b;  BoO= " A0-0""%
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where BY(r) are the Bernstein basis functions with i € {1;:::;n}
Its generalization is called tensor product, here for two dimensions:
ny np
x(u;v) = B! (u) -B;fz (v)-b;;: )

i

Any polynomial function can be expressed in Bézier form. Due to
the linearity of the Bernstein basis functions, the conversion from
any other linear basis, such as the monomial basis {1;z;:::;¢"},
can be done through a linear transformation, which we elaborate
on later in more detail. A key property of Bézier representations is
that the convex hull of its control points forms a strict outer bound
for the curve, which is useful when computing roots.

Bézier Bisection. To convey the general idea, we consider the one-
dimensional, uni-variate root finding problem f(¢) = 0 in the range
[fo;11], where f(r) = 7 BY(z)- fi is in Bézier form. The Bézier bi-
section method [RHD89, HLS93] utilizes that function f(¢) can-
not contain roots in [f;#] if all control points are strictly larger
(Vi : f; > 0) or all are strictly smaller (Vi : f; < 0) than zero. If
this is not the case, then the range [ty;7;] may or may not con-
tain roots. In this case, the curve is subdivided into two subcurves
f1@) : [to; %] — Rand f,(t) : [”’;" i11] — R, and the sign check
is performed recursively for each subcurve. An example is shown in
Fig. 2. By the Weierstrass approximation theorem, the convex hull
fits progressively tighter to the original function. The procedure is
repeated recursively until the parameter range [tg; t?] becomes suf-
ficiently small, i.e., t(l) - tg < e. Since the method has linear conver-
gence it requires a high number of recursions to reach high preci-
sion, which requires many Bézier curve subdivisions. Additionally,
duplicates may arise due to floating point imprecision.

Bézier Clipping. On its recursive path towards a root, the bisec-
tion method removes exactly 50% of the parameter range with each
recursion. The Bézier clipping method [SN90] is another brack-
eting method that instead tries to make even more progress with
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