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(a) Newton-Raphson method. (b) Our Bézier clipping.

Figure 1: Results on the BOEING dataset using Newton-Raphson only [PR99] (left) and our Bézier Clipping approach (right). Both methods
use the same bicubic interpolant on cell faces. The Newton-Raphson method misses 15% of the solutions due to insufficient initial guesses.

1. Additional Performance Measurements

Table 1 and Table 2 list additional performance measurements
for the independent bicubic interpolant and for the bicubic inter-
polant with derived acceleration. The behavior is overall the same
as with the bilinear case. The component-based Bézier clipping
consistently outperforms the bisection method, and the projection-
based Bézier clipping consistently outperforms the component-
based clipping. Due to the higher polynomial degree of the root
finding problem, the bicubic interpolant with derived acceleration
is the slowest, followed by bicubic interpolation. The bilinear inter-
polant remains to be the fastest. Across all datasets, it is by a factor
of about 8.2× faster than the bicubic interpolant. We also observe
a slightly larger speedup when using one of our clipping solvers
(8.31×) compared to the bisection solver (8.01×). The bicubic in-
terpolation is about 3.47× faster than the same with derived accel-
eration. For the solve runtime, we see an average speedup of about
7.28× of the bilinear interpolant over the bicubic interpolant and
a 3.05× speedup of the bicubic interpolant over the bicubic inter-
polant with derived acceleration. The bisection solver again scales
slightly worse in this scenario with a speedup of only about 2.63×,
compared to the projection-based clipping solver with a speedup
factor of about 3.76×.

(a) Newton-Raphson method. (b) Our Bézier clipping.

Figure 2: Results on the SWIRLING JET dataset using Newton-
Raphson and our Bèzier Clipping approach with bicubic inter-
polant and derived acceleration. The Newton-Raphson method
misses 0.49% of solutions, resulting in minor visual differences.

2. Additional Comparisons

Table 1 shows that the Newton-Raphson solver misses about 15%
of the solutions compared to the Bézier clipping solver on the BOE-
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Dataset Algorithm Runtime (Serial) Runtime (Parallel) Solve Runtime # Duplicates # Solutions � Sol. Depth � Clip Size

DELTA WING

Bisection 736.70 � 6.61 50.68 � 0.27 104.12 � 0.19 924 2398 45.78 0.500
Clipping (C) 672.01 � 16.91 47.49 � 1.24 49.66 � 0.31 95 2398 17.04 0.723
Clipping (P) 672.87 � 0.19 43.74 � 0.95 18.15 � 0.03 0 2398 7.92 0.866

Newton-Raphson 654.80 � 2.46 41.83 � 0.49 54.83 � 0.18 0 2299 — —

BORROMEAN

Bisection 1766.03 � 5.00 115.25 � 0.28 351.34 � 0.56 3862 7002 42.95 0.500
Clipping (C) 1574.61 � 3.93 99.90 � 0.18 156.21 � 0.38 555 7002 18.39 0.692
Clipping (P) 1455.86 � 5.06 92.55 � 0.21 40.45 � 0.08 0 7002 6.39 0.953

Newton-Raphson 1551.81 � 3.48 95.67 � 0.38 124.05 � 0.24 0 6973 — —

SWIRLING JET

Bisection 8016.07 � 18.11 523.40 � 0.87 1446.89 � 5.81 13345 11765 68.90 0.500
Clipping (C) 7028.38 � 26.62 452.12 � 0.83 499.11 � 2.11 2585 11765 31.21 0.639
Clipping (P) 6618.40 � 7.68 423.61 � 0.74 78.78 � 0.14 88 11765 7.27 0.957

Newton-Raphson 6897.20 � 21.22 434.04 � 1.44 326.08 � 0.22 0 11708 — —

BOEING

Bisection 3860.64 � 24.13 294.56 � 0.98 1977.25 � 5.22 23740 29511 49.25 0.500
Clipping (C) 2780.34 � 71.16 188.00 � 0.82 973.74 � 4.37 2973 29511 25.41 0.635
Clipping (P) 2246.04 � 23.74 150.55 � 0.71 330.83 � 0.49 0 29511 10.6 0.752

Newton-Raphson 2874.58 � 4.56 176.61 � 0.35 1134.34 � 1.47 0 24932 — —

NINE CL

Bisection 2867.64 � 21.73 190.55 � 0.35 35.08 � 0.19 0 1625 46.85 0.500
Clipping (C) 2840.56 � 1.85 187.36 � 0.24 8.20 � 0.08 0 1625 5.23 0.996
Clipping (P) 2822.20 � 11.60 185.98 � 0.46 6.73 � 0.01 0 1625 5.23 0.995

Newton-Raphson 2898.47 � 8.16 188.16 � 0.59 3.18 � 0.02 0 1625 — —

Table 1: Metrics recorded for bicubic interpolation on different datasets using the bisection method, our component-wise clipping (C), our
projection-based clipping (P), and the Newton-Raphson method. All runtimes are measured and averaged for 10 runs, listing mean and
standard deviation.

Dataset Algorithm Runtime (Serial) Runtime (Parallel) Solve Runtime # Duplicates # Solutions � Sol. Depth � Clip Size

DELTA WING

Bisection 1020.94 � 2.19 68.44 � 0.17 324.44 � 1.69 2194 3693 40.05 0.500
Clipping (C) 883.40 � 3.57 56.34 � 0.22 183.33 � 0.25 188 3693 19.36 0.652
Clipping (P) 778.63 � 0.26 49.59 � 0.18 64.65 � 0.14 0 3693 9.14 0.785

Newton-Raphson 805.31 � 0.23 50.46 � 0.13 145.37 � 0.07 0 2928 — —

BORROMEAN

Bisection 6862.38 � 7.41 463.37 � 1.07 596.15 � 0.96 5685 7281 36.15 0.500
Clipping (C) 6593.85 � 3.08 442.83 � 1.10 310.25 � 1.09 599 7281 16.52 0.686
Clipping (P) 6357.05 � 4.69 431.21 � 1.16 86.73 � 0.12 0 7281 6.44 0.926

Newton-Raphson 6484.48 � 3.39 438.23 � 1.34 248.00 � 0.35 0 7090 — —

SWIRLING JET

Bisection 31801.73 � 34.19 2166.73 � 5.21 2313.39 � 14.15 12674 12640 55.32 0.500
Clipping (C) 30396.87 � 10.00 2068.10 � 5.66 926.76 � 2.47 1942 12640 26.71 0.635
Clipping (P) 29689.55 � 21.24 2034.15 � 5.85 195.51 � 0.27 438 12640 7.53 0.883

Newton-Raphson 29953.97 � 6.88 2052.56 � 6.12 656.98 � 0.88 0 12134 — —

BOEING

Bisection 12089.95 � 53.28 831.96 � 1.91 10158.63 � 55.16 48344 55133 65.12 0.500
Clipping (C) 6367.85 � 16.18 391.01 � 2.15 4490.11 � 8.13 6818 55133 32.22 0.640
Clipping (P) 4839.47 � 7.64 682.23 � 6.17 2911.22 � 9.76 8579 55133 13.19 0.649

Newton-Raphson 4252.16 � 22.44 253.75 � 0.88 2494.52 � 11.98 0 36025 — —

NINE CL

Bisection 14747.24 � 33.03 1016.16 � 3.65 55.95 � 0.39 0 1625 34.62 0.500
Clipping (C) 14675.09 � 2.36 1010.99 � 3.32 14.79 � 0.09 0 1625 4.31 0.994
Clipping (P) 14664.73 � 11.16 1014.50 � 3.35 12.23 � 0.02 0 1625 4.62 0.993

Newton-Raphson 14639.45 � 7.57 1014.59 � 3.19 3.83 � 0.03 0 1625 — —

Table 2: Metrics recorded for bicubic interpolation with derived acceleration to compare the performance on different datasets using the
bisection method, our component-wise clipping (C), our projection-based clipping (P), and the Newton-Raphson method. All runtimes are
measured and averaged for 10 runs, listing mean and standard deviation.

ING dataset. Figure 1 shows the extracted feature curves for this
experiment using the Newton-Raphson method on the left and our
projection-based Bézier clipping solver on the right. Both methods
used the same bicubic interpolant on cell faces. The missing so-
lutions are directly reflected in the rendered results. This suggests
that a Newton-Raphson solver is not sufficient for this dataset and
interpolant combination. In contrast, the Newton-Raphson solver
was better suited for the SWIRLING JET dataset, when using bicu-
bic interpolation and derived acceleration. Table 2 shows that only
about 0.49% of the solutions are missing, resulting in minor visual
differences in the extracted feature curves, which can be seen in

Figure 2. However, for both datasets the clipping solver is still pre-
ferred due to its faster solve runtime, achieving a speedup factor of
about 3.4× on the BOEING dataset and a speedup factor of about
3.3× on the SWIRLING JET.

3. Cross Product Components of Two Bilinear Fields

In the special case of v(x) and w(x) being both bilinearly interpo-
lated across a cell face, the biquadratic cross product can be com-
puted symbolically in Bézier form. We list the control points of the
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