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(a) Input geometry (b) Rendering of biharmonic diffusion curves (ours) (c) Rendering of regular diffusion curves

Fig. 1. Biharmonic diffusion curves are smooth vector graphics primitives that prescribe color and normal derivative on each curve boundary point. We
introduce the first Monte Carlo method for the rendering of biharmonic diffusion curves, which requires solving an inverse problem. The input geometry
is shown in (a). Starting with an initial guess of the unknown Dirichlet boundary data of the underlying Laplace problem, we perform a gradient-based
optimization to meet all boundary conditions (b). In comparison, regular diffusion curves cannot enforce Dirichlet and Neumann data at the same time (c).

Stochastic Monte Carlo solvers for partial differential equations (PDEs)

recently gained popularity in computer graphics, finding applications in

geometry processing, rendering, simulation, and visualization. At present,

there exists no Monte Carlo solver for the rendering of biharmonic diffusion

curves, an artist-friendly smooth vector graphics primitive. The fourth-order

biharmonic equation of biharmonic diffusion curves can be split into two

second-order PDEs, namely a Laplace and a Poisson equation. However,

since biharmonic diffusion curves set Dirichlet and inhomogeneous Neu-

mann conditions at the same time, these two second-order PDEs are tightly

coupled and can hence not be solved directly. We propose to treat the ren-

dering of biharmonic diffusion curves as an inverse problem, in which the

Dirichlet data of the Laplace equation is unknown. We formulate a varia-

tional energy optimization, such that the user-defined boundary conditions

are met. Thereby, the necessary gradients are estimated stochastically by

solving two second-order problems with Dirichlet boundary conditions only.
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1 Introduction
In the field of smooth vector graphics [Tian and Günther 2024],

diffusion curves [Orzan et al. 2008] define an image through a set

of curves along which a color is specified on both sides. These

user-defined colors are diffused into the image domain to produce

a smoothly shaded and resolution-independent image that is often

times more compact than a discrete raster graphic. Formally, the

equilibrium of the diffusion process is found by solving a Laplace

equation, with the curve colors modeled as Dirichlet boundary con-

ditions [Jeschke et al. 2009]. This treats the image generation as a

smooth boundary value interpolation problem. The approach was

inspired by gradient-domain painting [McCann and Pollard 2008]

and numerous follow-up works concentrated on efficient render-

ing [Bang et al. 2023; Bowers et al. 2011; Pang et al. 2011; Prévost

et al. 2015; Sun et al. 2014, 2012] and vectorization [Lu et al. 2019;

Zhao et al. 2017]. Instead of prescribing the color on the boundary

with a Dirichlet boundary condition, one may alternatively pre-

scribe the color gradient on the boundary via a Neumann boundary

condition [Bang et al. 2023; Tian and Günther 2025]. More generally,

linear combinations of color and color gradient can be imposed

using Robin boundary conditions [Miller et al. 2024b]. However, it

is distinctly not possible to define a color and a color gradient at

the same time, since two boundary conditions over-constrain the

second-order Laplace equation. To overcome this problem bihar-
monic diffusion curves [Boyé et al. 2012; Finch et al. 2011; Ilbery

et al. 2013] replace the Laplace equation with a fourth-order bihar-

monic equation, which allows for finding a smooth image that meets

both boundary constraints. This provides artistic control that is not

available with regular diffusion curves [Orzan et al. 2008].

Recently, Sawhney and Crane [2020] introduced the Walk-on-

Spheres (WoS) method [Muller 1956] to the graphics community,

which solves many commonly-used elliptic PDEs in a grid-free and

ACM Trans. Graph., Vol. 45, No. 4, Article 107. Publication date: July 2026.

HTTPS://ORCID.ORG/0009-0000-3825-045X
HTTPS://ORCID.ORG/0000-0002-3020-0930
https://doi.org/10.1145/3811397
https://orcid.org/0009-0000-3825-045X
https://orcid.org/0000-0002-3020-0930
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3811397


107:2 • Paul Himmler and Tobias Günther

point-wise manner. Their work also discussed the generalization

of the WoS method to biharmonic equations under the assumption

that both the color and its Laplacian are known on the boundary.

In this special case, the biharmonic equation can be split into two

second-order PDEs with well-defined Dirichlet boundary data, al-

lowing them to be solved in a nestedmanner. In contrast, biharmonic

diffusion curves [Boyé et al. 2012; Ilbery et al. 2013] prescribe the

color and its normal derivative instead. This turns out to be more

complicated to solve, since the common split of the fourth-order bi-

harmonic equation into two second-order PDEs results in a coupled

system, in which one PDE lacks boundary data. Despite extensive

research in mathematics on WoS [Sabelfeld 1991], including solu-

tions for biharmonic equations with prescribed Laplacian on the

boundary [Sabelfeld and Shkarupa 2003], so far, no Monte Carlo

method exists for biharmonic equations when the Laplacian of the

unknown is not already given on the boundary, i.e., there is no

readily-available WoS variant for biharmonic diffusion curves.

In this paper, we develop the first Monte Carlo solver for bihar-

monic diffusion curves [Boyé et al. 2012; Ilbery et al. 2013]. We

split the fourth-order biharmonic equation into two coupled linear

elliptic problems: a Laplace and a Poisson problem. The Poisson

problem is over-constrained on its own, but the additional degree

of freedom is absorbed by the unknown Dirichlet boundary data

of the Laplace problem. Rendering a biharmonic diffusion curve

image thereby becomes an inverse problem, in which the unknown

Dirichlet boundary data of the Laplace problem has to be found

such that the user-defined color and color gradient constraints are

satisfied. We formulate this inverse problem as variational energy

minimization, and accelerate the gradient calculation using reser-

voir sampling [Vitter 1985], mean value caching [Bakbouk and Peers

2023], and path replay [Yilmazer et al. 2024]. Fig. 1 gives a compari-

son with regular diffusion curves. In summary, we contribute:

• a split formulation for biharmonic diffusion curves into two

coupled linear elliptic equations,

• a variational energy minimization for the unknown Dirichlet

boundary data of the Laplace equation,

• a Monte Carlo estimator for the gradients with respect to the

unknown Dirichlet boundary data,

• and lastly, a demonstration of acceleration strategies, includ-

ing reservoir sampling and mean value caching.

2 Related Work

2.1 Poisson Equations
The Poisson equation is a second-order linear elliptic partial differ-

ential equation (PDE) that frequently appears in many branches of

graphics [Esturo et al. 2013; Hou et al. 2018; Yu et al. 2004]. The

unknown in this equation is the function u(x) : 
 → R= , where
v(x) : 
 → R= is a given source term. For the remainder of this

paper, we are only interested in Poisson equations with Dirichlet

boundary conditions f (x) : m
 → R= , i.e.:

�u(x) = v(x) for x ∈ 
� (1)

Dirichlet: u(x) = f (x) for x ∈ m
� (2)

where � is the negative-semidefinite Laplace operator. Other types

of boundary conditions include Neumann and Robin boundary con-

ditions [Miller et al. 2024b; Sawhney et al. 2023], which are not

required in our approach. An important special case is the Laplace
equation, for which the source term vanishes, i.e., v(x) = 0. In
curve-based smooth vector graphics, the Laplace equation is used

for diffusion curves [Jeschke et al. 2009], which model the image syn-

thesis as smooth boundary value interpolation problem. Note that

Poisson equations can be solved component-wise. To later optimize

over all components at once, we utilize a vector-valued notation.

Boundary Integral Equation. The entry point for Monte Carlo

methods is a formulation in terms of integral equations [Sawhney

and Crane 2020]. For the Poisson equation in (1), a direct bound-

ary integral equation exists [Costabel 1987] for any two subsets of

A� C ⊂ 
 of the domain 
, cf. Sawhney et al. [2023]:

0(x) u(x) =

„
mA
PC (x� z) u(z) − GC (x� z) mu(z)

mnz
dz

+
„
A
GC (x� y) v(y) dy�

(3)

where 0(x) = 1 in the interior (∀x ∈ A) and 0(x) = 1/2 on the

boundary (∀x ∈ mA). Thereby, PC = mGC/mnz is the Poisson

kernel, which is the normal derivative of the scalar-valued Green’s

function GC , wrt. the inward pointing normal nz. Later, we also use

mnu(z) := mu(z)
mnz

to denote the normal derivative. GC and PC are

known in closed-form only for few domains, e.g., for the 2D ball.

Special case: 2D Ball. If A� C are equal to a ball B(x) centered at

x with radius ’, then Eq. (3) simplifies with A = C = B(x) if u(x)
is evaluated at the interior center point x itself:

u(x) =

„
mB(x)

PB (x� z) u(z) dz

+
„
B(x)
GB (x� y) v(y) dy�

(4)

Further, for a 2D ball, the local Green’s function has a closed-form

expression for any interior point y ∈ B(x) with A = ∥x − y∥:

GB (x� y) =
1

2c
log

�
’

A

�
� (5)

Similarly, the local Poisson kernel has a radially-symmetric closed-

form solution on the boundary z ∈ mB(x) of the ball:

PB (x� z) =
mGB (x� z)

mnz
=

1

2c’
� (6)

Walk-on-Spheres. For a given point x: ∈ 
, the WoS estima-

tor [Muller 1956] numerically integrates Eq. (4) by recursively sam-

pling the source contribution from an interior point y:+1 ∈ B(x: )
inside the largest possible ball B(x: ) around x: and by moving to

the next boundary point x:+1 ∈ mB(x: ) on the ball:

bu(x: ) := PB (x: � x:+1)bu(x:+1)
?mB (x:+1)

+ G
� (x: � y:+1) v(y:+1)

?B (y:+1)
� (7)

Thereby, x:+1 and y:+1 are sampled according to the probability dis-

tributions ?mB (x:+1) and ?B (y:+1), respectively. The valuebu(x:+1)
ACM Trans. Graph., Vol. 45, No. 4, Article 107. Publication date: July 2026.
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is estimated recursively

from either a single or

multiple samples. Eventu-

ally, the recursion stops,

once the next sample

point x:+1 falls within an

n-shell around the bound-

ary m
, where the Dirich-

let boundary condition

of the closest boundary

point x:+1 is evaluated,

i.e., bu(x:+1) := f (x:+1).
The snapping to the boundary is necessary to terminate. The in-

duced bias can be removed in 2D for piecewise linear boundary

geometry using conformal maps [Himmler and Günther 2025]. Av-

eraging the contributions of multiple such random walks reduces

the noise in the Monte Carlo estimate.

Further Solvers. Sawhney et al. [2022] extendedWoS to PDEs with

spatially-varying coefficients, and supported Neumann conditions

without walk reflections [Sawhney et al. 2023], while Miller et al.

[2024b] generalized WoS to Robin boundary conditions. Driven by

experience in Monte Carlo rendering, the visual computing com-

munity has quickly embraced and extended stochastic Monte Carlo

solvers, e.g., with variance reduction using mean value caching [Bak-

bouk and Peers 2023], boundary value caching [Miller et al. 2023],

neural caching [Li et al. 2023], and harmonic caching [Zhou et al.

2025]. Variance was reduced with off-centered walks [Hwang et al.

2015], bi-directional path construction [Qi et al. 2022], utilizing the

continuity of Brownian motion paths [Czekanski et al. 2024], us-

ing conformal maps to semicircle and circle segments [Himmler

and Günther 2025], path guiding [Huang et al. 2025], and adequate

weighting of off-centered samples [Bao et al. 2025]. Inverse prob-

lems became solvable with differentiable solvers [Miller et al. 2024a;

Yilmazer et al. 2024; Yu et al. 2025, 2024]. Monte Carlo methods have

been employed for flow visualization [Tian and Günther 2025], and

for fluid simulation in both vorticity [Rioux-Lavoie et al. 2022] and

velocity representation [Sugimoto et al. 2024]. The latter made use

of the Walk-on-Boundary (WoB) method [Sabelfeld 1982; Sabelfeld

and Simonov 1994; Sugimoto et al. 2023], an alternative boundary-

only Monte Carlo approach derived from potential theory. Its dis-

crete counterpart includes the method of fundamental solutions

and boundary element methods, which have likewise seen strong

improvements in recent years [Chen et al. 2024, 2025].

2.2 Biharmonic Equations
Biharmonic diffusion curves [Boyé et al. 2012; Ilbery et al. 2013]

offer even more artistic freedom than diffusion curves. Formally,

they are based on a biharmonic equation, which is a fourth-order

partial differential equation in the unknown field u(x) : 
 → R= :

�2u(x) = 0 for x ∈ 
� (8)

While second-order PDEs as in Eq. (1) require one boundary con-

dition per point, a biharmonic equation as in Eq. (8) needs two
independent boundary conditions to form a well-defined bound-

ary value problem [Ilbery et al. 2013]. Typical boundary quantities

include the value u(x) (Dirichlet), the normal derivative mnu(x)
(Neumann), the Laplacian �u(x) (bending moment), and its normal

derivative mn�u(x) (shear force). Sawhney and Crane [2020] con-

sider the case where the value and the Laplacian are prescribed on

the boundary m
 with f (x) : m
→ R= and h(x) : m
 → R= :

u(x) = f (x)� �u(x) = h(x) for x ∈ m
� (9)

Here, the fourth-order PDE can be split into two second-order

PDEs with fully specified Dirichlet boundary data, allowing both

to be solved with two nested WoS solvers. Biharmonic diffusion

curves [Boyé et al. 2012; Ilbery et al. 2013], on the other hand,

prescribe the value and the normal derivative [Scholz 1978] using

f (x) : m
 → R= and g(x) : m
 → R= :

u(x) = f (x)� mnu(x) = g(x) � for x ∈ m
� (10)

Unfortunately, it is no longer possible to directly solve this equation

with two nested WoS walks, since the Dirichlet data of the Laplace

problem is no longer given. This is the setting we treat in this paper.

Previously, Finch et al. [2011] imposed a weighted combination of

Laplacian and bi-Laplacian constraints (thin-plate splines) on a regu-

lar grid in a least-squares manner, offering control over color values

and gradients. Boyé et al. [2012] used the finite element method

(FEM) to solve Eq. (8). To obtain �0
continuous quadratic patches

they used third-order non-conforming elements [De Veubeke 1974].

Moving curves interactively, however, requires remeshing of the

domain. Ilbery et al. [2013] used a boundary element method (BEM)

instead, in which the image is described as weighted sum of four

orthogonal kernel functions defined per line segment. The kernel

weights are solved with a dense linear system to meet the color

and color gradient constraints. In contrast, our Monte Carlo split

formulation solves only second-order PDEs, requires no mesh in the

domain interior, assembles no global matrices, and uses embarrass-

ingly parallel random walk evaluations. Outside of vector graphics,

biharmonic equations and energy terms have been widely used in

mesh deformation [Jacobson et al. 2011; Liu et al. 2025; Thiery et al.

2024; Weber et al. 2012], where boundary constraints are also im-

posed implicitly as part of a variational minimization. Up until now,

no Monte Carlo approach exists for biharmonic diffusion curves.

3 Monte Carlo Method for Biharmonic Diffusion Curves

3.1 Problem Statement
Unlike regular diffusion curves with Dirichlet or Robin boundaries,

biharmonic diffusion curves prescribe on each boundary point both a

color value (Dirichlet condition) and its normal derivative (Neumann

condition) [Boyé et al. 2012; Ilbery et al. 2013], see Fig. 2. To meet

both constraints exactly, biharmonic diffusion curves enforce higher-

order smoothness in the interior by means of a biharmonic equation.

Formally, the biharmonic equation is a fourth-order PDE in the

unknown field u(x) : 
→ R= :

�2u(x) = 0 for x ∈ 
� (11)

Dirichlet: u(x) = f (x) for x ∈ m
� (12)

Neumann: mnu(x) = g(x) for x ∈ m
� (13)

where biharmonic diffusion curves are treated as part of the domain

boundary m
. While the biharmonic equation can be solved with
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